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Abstract 

We consider a weighted lattice with conductance We show that 

the heat kernel of a variable speed random walk on it satisfies a two-sided Gaussian 
bound by using an intrinsic metric. We also show that when d = 2 and a € (—1,0), 
two independent random walks on such weighted lattice will collide inhnite many times 
while they are transient. 
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1 Introduction 

In [16], Hebisch and Saloff-Goste proved that when a group has polynomial volume growth of 
order D, the heat kernel of a constant speed random walk on the group satisfies a two-sided 
Gaussian estimate, i.e., 

e,r-/^exp < c,i-/^exp . 

where p{x, y) is a metric on the group. Delmotte [12] gave equivalence of Gaussian bounds, 
parabolic Harnack inequalities, and the combination of volume regularity and Poincare in¬ 
equality. Later, there are many papers, such as [D [21 El H El 125], showing that Gaussian 
bounds hold for lattice Z'^ with different random conductances. In this paper, we consider a 
deterministic weighted lattice which does not satisfy Poincare inequalities for all (sufficiently 
large) balls or volume doubling property, show that a variable random walk on it also satisfies 
the two-side Gaussian bound, but with a metric which is not comparable to the Euclidean 
metric. 

Let « G M. For x,y G Z'^ with \x — y\i = 1, we set = (l^^loo V ||/|oo)~“ for the 
conductance of {x,y). For convenience, we set = 0 if x and y are not nearest neighbor. 
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Write = J2y ^^xy and = (|x|oo V 1)" for each x E Let X = {Xt : t > 0} be a 
continuous time random walk on the lattice with generator 

^ (/(?/) - fix))fi^y. 

^ yeZ'i 


Then X is a variable speed random walk waiting for an exponentially distributed time with 
mean — x Ixl^ before jumping. The transition density of X with respect to u is denoted 


by 


Pt(,x,y) = 


= y) 




To show the Gaussian bounds hold, we introduce a metric p of We call xq - ■ -Xm a path 
if |xj+i — Xi\i = 1 for each i < m. Let p(x, x) = 0 for x G Z'^, and for x,y E with y ^ x 


set 


p(x, y) = min < : zqZi • • • is a path with Zq = x and z^ = y \ ■ 


i=0 


Then there exists a constant C = C{a, d), such that 

1 


p{x, yfpxy < c for all 


X. 


( 1 . 1 ) 




Metrics satisfying fll.ip are called intrinsic metrics, see [HI [2^. One may expect that ana¬ 
logues of diffusion processes on manifolds hold using the intrinsic metrics for random walks 
on graphs. For x eZ^ and r G M"*", write Bp{x, r) = {y E Z‘^ : p{x, y) < r} for a p— ball. We 
extend z/ to a measure on Z'^ and set 


l/p(x,r) = i/(5p(x,r)). 


Theorem 1.1 Let a > —1. Let x,y E Z'^ and t > 0. If t < V Uy)p{x, y), then 


Pt{x,y) < Ci{Tz^iZy) 
Ift> (r'x V Vy)p[x,y), then 
Pt{x,y) < 

and 

Pt{x,y) > 


- 1/2 ( C2p{x,y) ^ ^^^^ in,yny)p{x,y) . 


Ux V 12y 


t 


C3 




exp — C 4 


p{x,yf 


C 5 




exp -ce 


p{x,yf 


( 1 . 2 ) 


(1.3) 


(1.4) 


Remark 1.2 (1) In Lemmas 12.21 and \2.4\ we give the bounds of p{x,y) and Vp{x,t^^‘^), 
respectively. 

(2) Note that if a < —1 then sup^, p(x, y) < 00 and X will explode in a finite time. However, 
we still do not know whether the heat kernel of X has Gaussian bounds at the critical point 
a = —1. 
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Next, we consider the collision problem of random walks on these weighted lattices. As 
usual, we say that two walks X and X' collide inhnitely often if almost surely there exists a 
sequence of (random) times {ti : i > 1} with lim* ti = oo such that Xt^ = X[. for all i. In |24j . 
Polya hrst studied whether two independent simple random walks on collide inhnitely 
often. He reduced it to the problem of a single walker returning to his starting point. Later 
Jain and Pruitt in [23] showed the Hausdroff dimension of the intersection of two independent 
stable processes, and Shieh in [26] gave a sufficient condition for inhnitely collisions of Levy 
processes in M. However, if the walks are not on a homogeneous space, the problem will 
be complicated. Recently in im, Hutchcroft and Peres use the Mass-Transport Principle 
to prove that a recurrent reversible random rooted graph has the inhnite collision property. 
Examples that two recurrent random walks will never meet, were shown in [6l[7l|TH]. Here, 
we give another example that two transient random walks will collision inhnite often. 

Theorem 1.3 Let a > — 1. Let X' he an independent copy of X. 

(1) Process X is recurrent if and only if a > d — 2. 

(2) If d < 2, then X and X' collide infinitely often. 

(3) If d> 3, then X and X' collide finitely often. 

Remark 1.4 It is much interesting that X is not recurrent while X and X' collide infinitely 

often when d = 2 and a G (—1,0). Similarly, when d > 3 and a > d — 2, X is recurrent 

while X and X' collide finitely often. 

In Section 2, we obtain some geometric properties of the weighted lattice In Section 
3, we obtain an upper bound on pt{w,w) by using the approach of Barlow and Chen [1], 
which in turn is based on In Section 4, we obtain the lower bounds of near diagonal 

transition probability by using the result of Delmette [12] directly and a chain argument. In 
Section 5, we give the proof of Theorem ll.il Section 6 deals with the proof of Theorem 11.31 
by the two-sided Gaussian bounds. 

Throughout this paper, we use the notation c, c' etc to denote hxed positive constants 
which may vary on each appearance, and c* to denote positive constants which are hxed in 
each argument. If we need to refer to constant Ci of Lemma 2.1 elsewhere we will use the 
notation C2.i.i- For any two functions / and g, we say / x if there exists Ci{a, d) > 0 such 
that Cl/ < g < C 2 /. For brevity, we write | • \p for the norm of the Euclidean space 
while I • I instead of | • |oo for the norm. Write B{x,r) = {?/ G Z'^ : \y — x\ < r} for an 
L°°-ball. 


2 Some geometric properties 

Fix a > —1 henceforth. In this section, we shall estimate the metric p{x,y) and the volume 
Vp{x,r), and give Poincare inequalities. Let us begin with the volume of a path. 

Lemma 2.1 Let zq - ■ ■ Zn be a path with max{|zo|, l^nl, ko ~ ^n|i} Pn>l. Then 

n 

Cin{\zo\ V Iznl)"" C2n{\zo\ V |^n|)“- (2.1) 

i=0 
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Proof. Without loss generality, we may assume that \zo\ > \zn\ in the following. (Otherwise, 
relabel Zn-k with Zk for all k.) Then 


1^0 - Zn\i < d\zQ - Zn\ < d\zo\ + d\zn\ < ‘2,d\zo\. 

Using the condition max{|zo|, \zn\) \zo — Zn\i} > n > 1, we get 

|2ol>iVl. (2.2) 

Since zq - ■ ■ Zn is a path, we have \zi — zo\ < i for each i. So, = {\zi\ V 1)“ takes value 
between (|zo| + *)“ and ((|^o| — *) V 1)". Hence > c|zo|“ for i < which implies 

n 

^zi>c\n/4:d]u,^>c'n\zo\°‘ = cn{\zo\y\zn\T. (2.3) 

*=0 i<n/{Ad) 

We have proved the lower bound of (12.Ih . For the upper bound, we consider two cases. 

Case I: |zo| > V n. Directly calculate 

n n i=|2ol+»^ 

E".. + E (“Vir 

i=0 1=0 i=\zQ\—n 

r\zo\+n 

<C, / = -^((l^ol + - (kol - n)“+'). 

J\zo\-n 1 + « 

Since hmi_^o+((l +— (1 — = 2 (q! + 1), we obtain 

sup |((1 + - (1 - t)"+^)r^| < C 2 . 

te(o,i] 

Substituting t < 1 into the above inequality gives 

n 

< T-^((ko| +n)"+^ - (l^ol = cn{\zo\ V |z„|)". 

“ 1+0 1+0 
2=0 

Case II: \zn\ < \zo\ < n and |zo — Zn\i = n. Then ZQ---Zn is an geodesic, which 
implies {zq, • • • , Zn} C i?(0, n) and |{fo + G 5(0, r)}| < 2dr for each r. Write 

fc=|'log 2 n]. To = 5(0,1) and = 5(0, 2^) — 5(0, 2^“^) for Z > 1. 


Then 


n k k k 

E‘''.=E E 

1=0 i:ZiGTi 1=0 1=0 

k k 

<c^2“'(2d- 2') = 2dc^2fo+fo < < c'n^+“. 


i=0 


1=0 


1=0 
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□ 


Since ^ < \zq\ < n, we still have V \zn\)°‘ and prove the lemma. 


For X G and r G M+, we set 

Pxi.1^) = (l^^l V r)"r. 

Then Px{-) is strictly increasing and 

Pxir) /r\c2 


< 

S/ px{s) 


< ( - 

-s 


V r > s > 0. 


(2.4) 


(2.5) 


A simple calculation gives, ii x,y E and r > k\x — y\, then there exists C = C{a, k) > 0 
such that 

C~^py{r) < px{r) < Cpy{r). (2.6) 

Set Px^{r) = (|x| y which is the inverse function of px- Then px^{-) also satishes 
(EAD and (ESD. 

Lemma 2.2 Let x,y E Z'^. Let 7 be an L^—geodesic path from x to y. Then 


lp{.x,y), ^ ^ Pul\ ^[ciPx{\x-y\),c^^pxi\x-y\)]. 

uGVi'y) {u,v)£E{')) J 

Proof. By fl2.6p . we have Px{\x — y\) x Py{\x — y\). So, we may assume |x| > \y\ without 
loss generality. (Otherwise, exchange y with x.) Hence |x| > |(|x| + ||/|) > ||x — y\, which 
implies 

Px{\x-y\)^\x-y\-\x\^. (2.7) 

Let zqZi ■ ■ ■ Zm he a p—geodesic path with zq = x and Zm = y, then by Lemma [2Tl 

p{x,y)>\ u,^>c\\x-y\/2\\x\^. 

k={) 

By the definition of p{x,y), it is clear that J2uev('y) — P{x,y)- Moreover, by Lemma l2Tl 

Y ^u< c\x - y\ii\x\ V IpD" < 2dc\x - i/||x|“. 

4ieV(7) 

Since p~f x (|m| V 1)" = whenever u ^ v, we also have 

Y 

{u,v)GE{'y) uEVpi) 

Combining these inequalities together, we complete the proof. □ 


Since Px{t) is increasing in r. Lemma [2.21 immediately implies Corollary 12.31 as follows. 
Recall that Bp{x,r) is a p—ball. One can compare it with an ball. 
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Corollary 2.3 For any x and r > 0 


B{x,p^\cir)) C Bp{x,r) C B{x, p^\c 2 r)). 

Recall that Vp{x,r) is the volume of Bp{x,r). Set V(x,r) = h'{B{x,r)), similarly. 
Lemma 2.4 Let x and r > 0. 

(1) R(a:, r) X r'^(|x| V r)“ ifr>l. 

{ Vx if r < 

^d^^\-[d-l)a -J ly^ <r < 

Proof. (1) Let Xi be the hrst coordinate of x and set 

A = {s = (s^,.. . , s^) e B{x, r) : Si = Xi}. 

Write Cl = (1, 0, 0, • • • , 0) G By Lemma [2.11 for each s G A we have 

r 

i^s+Zei ^ ''"(k — T-eil V |s + rei|)“ x r(|s| V r)" x r(|x| V r)“. 

l=—r 

Hence, 


V{x, r) = EE ^s+ie\ ^ |A| • r^xl V r) ^ v (|x| V r) 


sSA l=—r 

(2) Using 02.81) and Corollary 12.31 we get the desired result. 


( 2 . 8 ) 


□ 


Lemma 2.5 Let to G and R> 1. Then for any x G B{w, R) and r G [1, R], 

V{w, R) < Cl V{x,r). (2.9) 

Especially, V{w,R) < ciR^^Ox- 

Proof. It follows directly from Lemma [2.41 (1). □ 

So, v{B{w, R)) satisfy the volume doubling property in any case. However, p{B{w, R)) = 
J2xeB{w R) Tx do not satisfy the volume doubling property since piT/) < oo when a > d. 

In [28] Virag, extending the early result of [22], showed that Poincare inequalities hold 
in any convex lattices. We shall apply their technique to our weighted lattices. 
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Lemma 2.6 Let x G r > 0. Then for any function f on B{x, r) 


mm ^ (/(m) - afuu < Ci[p^{r)f ^ (/(m) - f{v)fiiuv 

u^B(x^r) u,v£B(x,r) 


( 2 . 10 ) 


Proof. If r G (0,1) then B(x,r) = {x} and (I2.10p holds since both side of the inequality 
are zero. So, we may assume that r > 1 in the following. 

By [28l Proposition 2], for each G we can choose a path such that, (1) is 
an geodesic path from u to v; (2) each site in has distance less than 1 from the 
Euclidean line uv. For u,y G write 

^uy = {s + z : s G 'Jy^ 2 y-ui \z\ < 4, z G Z'^}. 

By the construction, we have 


^{y^iuv} — + i-{«GA„j,} foi' &11 '^iViy- 

By Lemma [2.21 

< c ^ Vs< c'py{\y - m|). 

"PGAtty —2:EZ^,|2:|<4 ^^')y,2y — u 

So, if M, 1 / G i?(x, r), we can use 02.61) and get 

Vy< cpy{ 2 r) < c'p^(r). 

V&^u,y 

By Lemma [2.21 if G B{x,r) then 


Py^ < cpu{\u - u|) < cp^ir). 

{y,z)&E{'yuv) 


( 2 . 11 ) 


Therefore, writing B = B{x,r), 


uGB ^ u,v£B 


UnUy = 


uiB) 


Y Y1 (/(?/)-/w) 




u'^v 


u,veB \{y,z)eE('y 

UV ) 


E E ifiy)-f{z)fPvz 

u,veB \{y,z)eE{-yuv) 


''Y^ 


EuEy 


Av,z)€E(-yuv) 


Y Uiy)- f{^)fpyi 


< 


u{B) 

cpx{r) 

n{B) 




u,v&B {y,z)GE{'y 

UV ) 


^ ^ ifiy) /(^)) Pyz ^ ^ ^{ye'yu,v}^u^v 


y,z^B 


u,vGB 
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< 


' ' y,Z&B \uGB V£Au,y V€B U&Av,y J 


<c![px{r)f ~ /(^)) 

y,zeB 

where the second inequality is by the Cauchy-Schwarz inequality. 


□ 


Lemma 2.7 Let w G Z^, R > 1 and r G (0,p^(i?)]. Let g : B{w,R) —)■ M’*' with 
< 1 - Then 


Y1 (^(^) “ 9{y)fPxy > cir 

x,yGB(w,Ii) 


xGB(w,R) 


C2 / Pw(9i) 


V(vj,R) \ r 


C3 


. ( 2 . 12 ) 


Proof. Let r = niin{p 3 ,^(r) : x G B(w,R)} A R. Since r < Pw(R) and Px{R) ^ Pw{R) for 
each X G B{w, R), we have 

pxir) < Cir. (2.13) 

Note that for any x G B{w,R), 

Px\r) _ p-\r) 


R p^^{px{R)) {Px(R) 


Cl 


> C 2 


Pwi^) 


C 2 


So, ^ > C 2 


pw (B) 


C 2 


. Using Lemma [2.5[ we then have 


V(x,r) V ^ / \ r 


(2.14) 


Choose Bi = B(xi, ri),i = 1, • • • , N such that B(w, R) = UfL^B^Xi, Vi) and r < ri < 2r 
for each i, and 

\{i ■ X ^ B{xi,ri)}\ < Ci ioT all X ^ B{w, R). (2-15) 

Use Lemmas 12.61 


N 


“ 9{y)fpxy >cPYl Y1 ~ 9iy)fPxy 

x^y£B 2=1 x,y£Bi 


N 


>cPJ2^PxAr)] 


X) - 9if^x 


i=l 

N 


xGBi 


>C4^^(cir) 2 


2 = 1 


\x£Bi 


>(C4C?) V N ^c/( 


X Ux 


V{xi,r) 

C 3 f Pw{,Rl) 


xeB 


V{w, R) \ r 


E E 9 ( 

i=l \xGBi 


X)Ux 


















where B = B{w, R) and is the mean of g on Bi. Using fl2.15p . we get 


N 

EE g{x)iy^ < c Y^gixK < c. 

i=l xGBi xGB 

Combining these inequalities with aj < (^. for all ai > 0, we complete the proof. □ 


Remark 2.8 One cannot expect to improve Lemma \F7}\ to the whole space such as 

C2 


- g{y)fpxy > Cir ^ I 


X Urr. - 


V{w,R) \ r 


(2.16) 


for all r G (0, p^(i?)], and g ■. l/' ^ M+ with Yhx&'i 9i^)^x E 1- 


To see this, we fix a E (—1, 0) and d > 2. On the one hand, choose R>1 and w E ifi 
with |tc| = . Then Pw{R) = 1? and hence one can take r = 1 further. Such, 


V{w,R) X = R‘^~^ oo. 

On the other hand, let s > 1, and take 

fi((x) = A(s - |a:|)lB(o,s)(x), xeZ'^, 
where A is the constant which such that ~ Then 

^ ^ idix) pit/)) pxy E A ^ ^ pxy E cA 
x,y€Z‘^ x,yGB{0,s) 


2^d-a 


and 


g{xfi^x > 






xeB{0,s/2) 


So, as s goes to infinity. 


Y ^3{x) -9{y)fpxy < Y 9{xf^x- 


(2.17) 


(2.18) 


By li2.1S\) and (2A^, the inequality fails. 


3 On-diagonal upper bound estimates 

Fix w G R > 1 and T = pw{Rfi. In this section, our aim is to give an upper bound of 
Pt{w,w). As Lemma lETI and Remark 12.81 sav. we have a good ball B{w,R) only. So, we 
turn to the random walk X with reflection at diB{w, R). By the approach of Barlow and 
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Chen [1], we obtain upper bounds of the heat kernel of the reflection process, and then bring 
these bounds back to the original process. 

Write B = B{w,R) for short. Let Y be the continuous time random walk on B with 
generator 

^ - f{x))Hxy 

y&B 

For X G and r > 0, set 


= inf{t > 0 : W ^ B{x, r)}. (3.1) 

If Y and X start at the same vertex in B{w, i? — 1), then we can couple Y and X on the 
same probability space such that 


Ys = Xs for 0 < s < 


(3.2) 


We use Pa; for both X and Y. Denote the heat kernel of Y by 


(lt{,x,y) 


= y) 


Proposition 3.1 For u G B and t G (0,T], 

Especially, griw^w) < 

Proof. Given Lemma l2.7l the proof is similar to [21 Proposition 3.1] and jH Proposition 
3.2] , so we omit it. □ 


Lemma 3.2 Let xi,X 2 G B with \xi — X 2 I > yR- If t < ciT and R > C 2 , then 

qt{xuX2) <yF^y (3.4) 

Proof. Write 77 = maXx^Bi'x- By 112.Sp and 112. 6 p . we have 

(3.5) 

7] ma^ixeBPx[l) I Px(t?) Px(l) J 

Set C 2 = Let Ux = V~^^x,JIxy = VPxy and p{x,y) = C2^r]~^p{x,y) for x,y eB. Then 

< 1 ; 

(3.6) 

I p(x, y) < I whenever x ^ y. 
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Hence p(-, •) is an adapted metric, which was introdnced by Davies [20] and [2T]. Let Zg = 
Y^ 2 g, for s > 0. Then Z has the generator 


y&B 


We state that there exists constant c, c' > 0 snch that if s < cp and R> c' then 


'S>^^{Zg = X2) < 


'X2 


AV{w, R)' 


If this is trne, then we have (13.dh and prove the lemma. 

We now prove (13.7j) . Set C 3 = + D ^ 02l5] i- ^ 2}’ dehne 

.> 0 , 

V T 

Then by Proposition [HUl for s < 


(3.7) 


^Xii^Zg Xj) ]Pxi(Yq 2 g Xj) (Irp'si^Xi^ Xi)l^xi Yi 




(3.8) 


Next we shall estimate the off-diagonal transition probability ¥x-^{Zg = X 2 ) by nsing the 
’two-point’ method of Grigor’yan-see [151 [TTl[T3l[8] . The metric du{x,y) in [ 8 ] is jnst p{x,y) 
and one can easily check that /xi(s) is ( 1 , 2 )-regnlar on ( 0 ,T]: see [ISl IH] for the dehnition. 
By (13.5p and Lemma 12.51 for s < r]~'^T, 


fxiis) V{w,R) [y 


2\ C 3 


< 




q^i/gl23]i 

5"^ “ qo i 

< c'i?"123]i < c'. 

Therefore, by [H Theorem 1.1] for s G ( p(xi,X 2 ), p“^T], 


TO CA^Vx^lVx^f^’^ [ p(2:i,X2)^ 

¥x^{Zg = X 2 ) < j „ , ^ , exp ( -cq 


07 ^x 2 


y/ fx\ fx2 (css) 

TY^ f _2P{XuX2r 

exp I — C 6 C 2 




V{w,R) Ws 

By Lemma [2.21 and the condition |xi — X 2 I > ^6 have 

p(xi,X2) > q22l2P^i(^^) ^ CspYR) = CsTB^. 
Snbstitnting 03.111) into O3.10p gives 

07 ^x 2 


¥x^{Zg = X 2 ) < 


TY ( _2 2 T 

U\ \ ~] “^6C2 Cg — 

V[w,R) \ri^sJ \ rj^s 


(3.9) 

(3.10) 

(3.11) 
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which implies fl3.7p holds for each s G ( p(xi, X 2 ), C 9 ? 7 “^T] , provided Cg > 0 is small enough. 

On the other hand, by [H Corollary 2.8] we have the ‘long range’ bounds, that is, if 
s < p(xi, X 2 ) then 

= X 2 ) < ^3_^2) 

Using fl3.5p and fl3.1ip . we have 


p{xi,X 2 ) = c^^rj ^p{xi,X 2 ) > crj > c'R'" 

Combining these inequalities with Lemma 12.51 


(3.13) 


= X 2 ) 


\I2 -dw _ 


cv. 


X2 


V{w,R) 


v{w,R) 


<- 


cv. 


X2 


({23]i^'t23]ie- 


V{w,R) 

So, fl3.7p holds again if s < p{xi,X 2 ) and R>c. 


□ 


Lemma 3.3 Let t < C]T and x G B{w, |7?). If R^ C 2 then 

pqy, 0 B(x, ifi)) < |. 

Proof. By Lemma 13.21 we get 

F,{Yt y B{x, ^R)) = ^t{x,y)vy < " i 

yel3-B{x,^R) yeB-B{x,^R) 


□ 


Now we bring these bounds of the reflection process back to the original process. Note 
that X and Y agree until time Tw,r-i- 

Lemma 3.4 If R> Ci then for x G B{w, \R), 

^x{rx,R/H < C 2 T) < I. 

Proof. Given Lemma [3.3[ the proof is similar to [U Lemma 4.1], so we omit it. □ 


Proposition 3.5 Let w G Z'’*, R> 0 and T = pus^R^. Then 


Pu,(Xr = w)< 


Cl Vyj 

V{w,R)' 
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Proof. If i? < ((|23 ]i ^^^ 2 ) then by Lemma 1^751 

V(^w,R) - ^2)"' > cr^P„,(XT = w). 

So, let R > (({ 32 ] 1 V ({ 32 ) 2 ) • Given Lemma l3^ similar to the inequality (4.6) of Barlow and 
Chen [1] we obtain 


Vc 2 Tiw,w) <qc^Tiw,w)+ sup maxg^(|/,M;), 

o<s<c2T ysA 

where C 2 = <{3]4|i *{ 3^1 ^ ^ = B(w, 5R/8) — B{w, 5R/8 — 1). By Proposition 13.11 and 

Lemma 13.21 

Priw^w) <Pc2Tiw,w) < — -—. 

V [w, R) 

□ 


4 Near diagonal lower bound estimates 

In this section, we shall prove the following lower bounds for the near diagonal transition 
probabilities. Recall r^.,. from section 3. Fix <5 G (0,1/2). We will use the notation Ki to 
denote constants which depend only 6, a and d, while c* = Ci{a, d) as before. 

Theorem 4.1 Let w G and R> 1. For Xi,X 2 G B{w,R) and t G [(5p^(i?)^, 2puj{R)‘^], 

P^i(Xt = X2, T^,ciR >t)> K 2 . (4.1) 

V [w, R) 

Since p{B{w,R)) do not satisfy the volume doubling property, we cannot obtain the 
lower bound by a general approach. Let us begin with a ball far from the origin. 

Lemma 4.2 Let w ^ if and R>1 with |w| > 32R. Then for any xi,X 2 G B{w,R) and 

te[6p^{Rf,2p^{Rf], 

= X2, Tw, 8R > t) > KiR (4.2) 


Proof. Since |w| > 32R, pw{R) = moreover, for any x,y ^ B{w, 16R) with x ^ y, 

G [4(ich^|t<;|", Ci|w|“] and /ij;^ G Ci|w|““]. 

By the application of Lemma [3.41 on B{w, 8R), there exists C 2 G (0,1/2) such that 

^x{tx,r > C 2 Pw{Rf) > \, for all x G B{w, R). (4.3) 

For each x,y E B{w, 16R), we set 


Ux = cilwl and Pxy 


Px — |u’|" X]2eB(to,16il)\{a:} Txz) H X = y. 
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So, Vxi^ixy G [cs^Cg^] for all x G B{w,lQR) and y G B{w,lQR) fl B{x,l). Let Z be the 
continuous time (constant speed) random walk on B{w^ 16i?) with generator 

^f{u) = i ^ (/(n) - f{u))]luv. 

“ v&B{w,16R) 

Then Z and X can be coupled in the same probability such that 

Zs = for all s < a = cI\w\~‘^°‘t^^sr, 

where a := inf{s > 0 : ^ B{w,8R)}. Fix Xi,X 2 G B{w,R), and let u{s,y) = Pxi(Zs = 

y,(T > s)/vy for each y G B{w, 16R) and s > 0. Then u is a positive solution of the heat 
equation = Jifu on (0, cxo) x B{w^AR). One can easily check that DV{Ci)^P{C 2 ) and 
A(q!) hold for the weighted graph with vertex set B{w, 16R) and edge weight Jlxy, and so 
u{s,y) satishes the Harnack inequality, see [121 Theorem 1.7]. Therefore, 

max u < min u, 

[^so,so]xB(w,2R) lSclR^,2ciR^]xB(w,2R) 

where sq = 5c2c\R^. Furthermore, for any s G [5c\R^,2c\R^], 

= X 2 , a > s) >Ki I I = X 2 , a > sq) 

\yZGB(w,2R) J z£B{w,2R) 

>KiC3\B{w,2R)\~^¥xAZso e B{w,2R),a > sq) 
>iFiC3(5i?)“'^Pj;i(inf{h : Zh A B{xi,R)} > sq). (4.4) 

Since Xt = Zc 2 |^|- 2 ci for all t < t, inequality (14.4p can be rewrote as 

¥xAXt = X2 ,t^,sr >t)> K2 R-‘^KAt.,^r > 5c2i?V|2“), t G 

Using fl4.3p . we hnish the proof. □ 


Lemma 4.3 For any t G and x G B{0, R), 

P^(|Xt| > KiR, Tx,c 2R >t)>l. 

Proof. By Proposition 13.51 fo^' x,y and t > 0, 

Pt{x,y) < {pt{x,x)pt{y,y)Y/^ <ci(U(x,p"^(t^/^))U(2/,p"^(t^/2)))"^/l 
So, from Lemma [23] we can get, ii x,y E 5(0, i?) and t G then 

Ptix,y) < 
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Fix X G B{0,R) and t G By Lemma [231 again, for each e G (0,1), 


F,{\Xt\<eR)= Pt{x,y)uy<V{0,eR)-K2R-^^+^^ 

yGB{0,6R) 

<C2(£i?)‘^+" • = iF2C2e'^+“. 

Hence there exists eo = £o(<5, a, d) >0 such that 

IPxd^tl < £oR) < J- 

On the other hand, applying Lemma I3.4I gives 

^x{t^,cR <t) < f’xir^^cR < 

Combing fl4.6p with fl4.5p . we hnish the proof. 


(4.5) 


(4.6) 

□ 


Lemma 4.4 LetR>l. Let xi,X 2 ^ B{0, R) \ B{0,6R) and f G Then 

= X2i To,ion > t) > KiR (4.7) 


Proof. Write T = 5(0, i?) \ 5(0,55) for short. If d > 2, then T is connected. Note that 
Pw{R) C [JFf and B{w,8R) C 5(0,105) for all ta G T, and there exist 

vertices tCj G T, i < K 2 such that T = U^\5(taj, ^5). A standard chaining argument 
using Lemma 1431 on B{wi, -^R), proves fl4.7p for d > 2. Next, we consider d = 1. Since 
T = ([—5, —55] U [55, 5]) n Z is not connected, we have to discuss the problem on several 
cases. 

Case 1: a;i,a;2 > 0. Then xi and X 2 can be joint with a sequence of balls B{wi,-^R) 
within [55, 5] fl Z as before. Hence fl4.7p holds for this case, too. 

Case H: xi > 0 > a;2. For conciseness, we write P for the measure of the process X killed 
on exiting 5(0,105). Let £0 = Eo{S,a,d) G (0,1) be a small constant, whose value will be 
taken later. Set x* = [^o-Rj. By the result of Case I, we have 


inf inf Px(^s 

sG[< 5 'H 2 + 2 =^,_R 2 + 2 a] x,y&B{0,R)\B(0,S') 


y) > K^R-\ 


where 5' = min{|£o, |5}. So, 

Pa;i(A't/3 G (4 £o5,£o5)) > 45360 and inf P_^3^s = ^2) > 535"h 

sG[t/3,t] 


For a; G Z, we dehne ax = inf{f > 0 : Xt = x}, the hrst time of visiting vertex x. By the 
strong Markov property. 


Fx,{Xt = X2, To, 10/? > t) >Pxi(o-3,,„ < l,a_x, < f = X 2 ) 

Ai(o‘x* < |)Px*(cr-x* < |) inf P_a;*(^6 = X 2 ) 

sS[t/3,?j 

>Fx^{Xt/3 G (46o5,6o5))Px*(o‘-x* < |) inf P-,;.(^^ = ^ 2 ) 

s£[t/3,t] 
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>i-^3^0 • ^x,{o'-x, < 4) ■ 


-1 


(4.8) 


So, we need a lower bound of (cr_ |). By Lemma [2.21 for any x G N and r, 5 > 2|a;|, 




E x—1 
i=x—r 


-1 
2,2 + 1 






< Cl 


(4.9) 


So, there exists C2 G N such that 

> 0-c2x) < |, for all x G N. (4.10) 

By Lemma Sis], there exist C3 = € 3 ( 0 , d) G (0,1) and iL4 = i^4(5, a, d) G (0,1) such that 

> ^4^, > 2/3) > i, a: G 5(0,03/2). 

Now we choose £0 = c^^//4C3. Then x* = [c^^//4C35j G 5(0, 03^) and so, 

A cTcax* < |2, ro,io/? > |2) > P2,,(|Xt/3| > K^R, Tc^x„r > 2/3) > (4.11) 

Combining fl4.1ip with fl4.10p . we get 

Px.(c^-x. < |) > I- 

Substituting the above inequality into fl4.8p . we prove (14.7p for the second case. 

By symmetry, we have (14.7p as Xi < 0. Therefore, (14.71) holds in any case. □ 


Proof of Theorem ^5, If +1 > 325, then one can take ci = 8 in (14. ip and the problem 
is reduced to Lemma [4.21 So, let 5 > +1/32 in the following. Then 


Pw{R) G [ci5^’''", C25^’''"] and B{w,R) C 5(0,405). 


Fix t G [dpy^{Ry,2pw{Ry]. Then t G [ci(55^+^“, C25^+^"]. By Lemma lT3l for any x G 
5(0,405), 


P+|X,/3| > 1+5, 

R,C3R > t/3) > i. (4.12) 

Write T = 5(0, C35) \5(0,5i5). By Lemma lT4l for allx,y G T, 

Px(/^t/3 = y, Topocsi? > 2/3) > K 2 R 

Therefore, for any a;i,X2 G B{w,R) C 5(0,405), 


Pa;i(W = X2, To^lOcsR > t) > FxA^t/3 = X, X2t/3 = d, = X 2 ) 

x^y^T 

= Pxi(-^t/3 = x)¥x{Xt/3 = y)Fy{Xt/3 = X 2 ) 

x^y^T 

>525 W‘x^{Xt/3 = x)¥y{Xt/3 = X 2 ) 

x,y^T 
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=K2R-^ ^ hAXt/3 = = y)'^ 

>K2R-'‘ "^' „ E = ^)P»(-^«/s = y) 

maXygT ^y 

>^2i?-"^P.,(|X,/3| e t)p.,(|x,/ 3| e T) 

^ K2 1^x2 
- I 6 K 3 ’ 


(4.13) 


where we use P to denote the measure of the process X killed on exiting 5(0, IOC35). Sub¬ 
stituting V{w,R) < cR'^^^ and ro,ioc3ij < Xw^cR into fl4.13p . we complete the proof. □ 


5 Proof of Theorem 11.11 

Lemma 5.1 There exists constant ci > 0 such that for any x,y E , 

{fx V Uy) I log l/a: - log l'y\^ < Cip{x, y). 
Proof. Let |x| > \y\ > 1. Directly calculate 



r V I^j^) 

lOgZ/^. - lOgZ/yl 

3 

X ' 

^ V p " log( X ' 

“) - log(|2/|“)P 

(kl 

V|2/|)“ 

lx - yl 

X 

la 

|x - yj 


=rMi«Ao I |3_!2i!(N/ML 

'''l' ' ' (kl/l!/|-l)l!/l 

<|a|3sup|t(-“)^°-^|. 

Since a > — 1, the supremum of the right side is hnite and hence if |a:| > ||/| > 1 then 
V Vy)\ \ogv^ - \ogVy\^ < c{\x\ V \y\T\x -y\< c^p{x,y). 

The proof of the rest case is the same and so we omit the details. □ 


Proof of Theorem M . 1[ We obtain the Gaussian upper bounds by the same way as Lemma 
Write p = y Uy for short. Set I'u = V and puv = V^uv for each u,v E Z'^. Denote 
p : Z'^ X Z*^ ^ M+ by 

p{u, v) = ((2l"l’''^d)“^ ■ ?7 “^p(m, n)) A |m — n|i. 

Then p{-, ■) is an adapted metric of Z'^, that is, for all u E Z*^, 

f i < 1; 

I p(u, v) < 1 whenever n ~ n. 
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By Lemma [2.21 


So, 


r] p{x,y) <{v^y Uy) • c(|x| V ||/|)“|a: - I/I < c|x - |/|i. 


Cl V p{x,y) < p{x,y) <ci7] p{x,y). 


(5.1) 


Set Zs = Xy 2 s for s > 0. Then Z has the generator 

^f{u) = i - f{u))p^ 

“ VGZd- 

By Proposition 13.51 for each G {x,y}, 

F^{Zs = z) = = z) < 


C2^z 


V{z,p-^{ps^/^)) ■ f,{s)' 

By Lemma [2.51 and the inequality fl2.5p . for each s > (logz/^. — logz/^)^ we have 


<y(Wh£!Ll) < c(p,:‘(,e-P)‘ 

C2l^z V Pz[^) 


< d 




Vx A Vy 


Therefore, similar to fl3.9p we can apply [HI Theorem 5.1] and get 

'p{x,yf 


IPx(^s = y)< / , exp 


C3S 


for all s > |c 3 log(i/a;/z/j^)|^ V p{x,y). 


\/ fz{s/c^)fy{s/c^) 

By the inequality (15.11) and Lemma 15.11 

|c3log(i/„/z/j^)|^ < C4p(a:,|/). 

So, for each t > C 4 Cipp{x,y), we have p~H > |c 3 log(^' 3 ;/r'y)|^ V p{x,y) and 


Pa,(Xt = y) =¥^{Zy- 2 t = y) < 


ClliVyjVxf^ 


exp 


<- 


cz/„ 


pjx.yf 

fx{p~‘^t/cd)fy{p~‘^t/cd) ^ V C5p-H 
jp{x,yf 


: exp —c 


Further, by Lemma 12.41 we conclude that 

P,(x,y)< “ --t 


(5.2) 


exp I — c 


^Vp{x,dd)Vy{y,dl^) 

On the other hand, by [H Corollary 2.8], if s < C 4 C^p(a:, y) then 

^x{Z, = y) <c(Fy/z 4 )^/^exp ( - c'^x,y){l V log (p(a:, |/)/s)) 


, t > C4Cir/p(a:,|/). (5.3) 
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Hence, for each t < C4Cir]p{x,y), 

F^{Xt = y) =F^{Zr,-H = y) < - c'p{x,y){l V log {p^p{x,y)/t)) 

<c{i^y/i^xY^^ exp ( - c”p-^p{x,y){l V \og{pp{x,y)/t))). 


(5.4) 


Combining fl5.4p with fl5.3p . we conclnde that both fll.2p and fll.Sp are trne. 


The Ganssian lower bonnd is proved by a standard chaining argnment. If t > p(a:, |/)^, 
then there exists Cl > 1 snch that t > Ci'^px{\x—y\y. Applying Theorem H.ll on B(x. p~^(cit^/^)). 
we get 


Pt{x,y) > 


> 


I/(a:,p-i(cifV2)) Vp{x,t^/^)' 


(5.5) 


So, let (z/a; V Uy)p{x,y) <t< p{x,y)'^. Fix an Li—geodesic path 7 from x to y. By Lemma 
there exists C 2 > 1 snch that 

Set r = t/p{x,y), then 


^2(7) < C2pix,y). 
p{.x, y) > r > Vy = max 


2:67 


Hence there exists a seqnence of vertices y = zq^zi - ■ ■ ,Zm = xoYi the path 7 , snch that 

p{x,yf 


m < 2c2p{x, y)/r = 2c2- 


and r < p(zj_i, Zi) < 2 r for i <m. 


As a result, 

\Zi-i - Zi-2\ < c'^p~l^{p{Zi-u Zi- 2 )) < c'^pl^_^{2p{Zi-u Zi)) < (C3 - 1)1 - Zi-i\. 

Write Vi = \zi — Zi-i\, Fi = B{zi, ri) and F* = B{zi, c^Vi) for i <m. Then 

F,_i UF, C F*. 

Set s = ( 4 c 2 )“^r^. Then s x p[zi,Zi_i)'^ x Pziiri)"^. As fl5.5p . we have 


Ps{y',x') > 


C 4 




for y' e Fi_i, F e Fi. 


(5.6) 


By Lemma [231 for u' ^ Fj_i, 


, , ^{Fi) 

lPi/'(^s G Fi) > C4 


Note that 


t-ms = t-m - ( 4 c 2 ) > t - ( 2 c 2 p(x, y)/r) ■ ( 4 c 2 ) r • (f/p(x, y)) = |. 


So, as fl5.5p we can get 


Pt-ms{x,y') > 


C 6 


Vp{x,FB) 


for y' e F^. 


(5.7) 
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Therefore, 


Pt{x, y) = pt{y, x) > ^ Fi,l <i <m,Xt = x) 


> c™ min ¥y>{Xt-ms = x)p 
y'eFm 


-1 


C 6 




> 


C 6 


■exp{—Cgm} > 


C 6 


exp{-2c2C5---1, 


Vy{X,tF^) - f;(X,fV2) t 

which implies fll.4p . We have completed the proof of Theorem 11.11 


□ 


6 Proof of Theorem 11.3 

Proof of Theorem \l.‘J[ (1) By Theorem 11.11 and Lemma 

poo 

/ pt(0,0 )dt<c 


if a < d — 2 then 


^-id+a)/i2+2a)^^ = < OO. 


d-2 


a 


Hence if a < d — 2 then X is transient. Similarly, if a > d — 2 then pt(0, 0)dt = oo and 
so X is recurrent. 

(2) Let X' be an independent copy of X. We use Fx,x' for the probability measure of the 
processes X and X' which start from x and x' respectively. 

If d = 1 then 

/ OO poo 

FopiXt = X[ = 0)dt = Po(W = 0)Po(w; = 0)dt 

/ oo poo 

Pt{0, ofdt >cj t-2(l+«)/(2+2a)^^ ^ 

So, {X,X') is recurrent, which implies X and X' collide at the origin inhnitely often. 

Let d = 2. Fix A = [lOO q^^ i] > 100. For fc > 1, we set 

4 = 

T, = H(0,2A'^)-5(0,A'=), 

Ok = mi{t > 0 : |Xi| > A^+^}, e't, = inf{t > 0 : \X[\ > A^+^} 

and 


Hu = 


f‘9k/\9f./\2tu 


l{Xt=X[&Tk} 


dt. 


So, if Hk > 0 then there exists at least one collision of X and X' before their breaking out 
of 5(0, A^^^). We shall use the second moment method to estimate the probability of the 
event {Hu > 0} as the approach of [9l [10]. Fix x,y e 5(0, A^). Then 


Ex,y{Hk) = / Px,j/(Xi = X[ e Tfc, 9k >t,e'u> t)dt 
Jo 
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.24 


> / ^ '^x,y{Xt = M, X'^ = U,6k> t, > t)dt 

ligTfe 

= u,9k> t)Fy{X^ = u,9'k> t)dt. 


tieTfe 

r‘2tk 


( 6 , 1 ) 


UgTi: 


Note that 4 = 2^ ^"po(2A^)^ and = flOO q^^ i] A^. Employing Theorem 14.11 on 

i?(0, 2A^), we get for each M,n G 5(0, 2A^) and t G [4,'2tfc], 


FuiXt = v,9k>t)> 


CUv 


E(0,2A^)' 


By Lemma [231 for n G T*, , 


iy„ 


> c- 


E(0,2A^) - (2A^)2+“ 


> c'A 


/ \ - 2 k 


Hence Pu(Xi = v,9k > t) > cX for each u G {x,y},v G and t G [tk,2tk]. Therefore, 
inequality (16. Ih becomes 


E.,^(5fe) > {cX-^^f • |Tfc| • 4 > • c'iX^f ■ = c"X 

On the other hand, for any u G T^, 


2 ka 


( 6 . 2 ) 


p 2 tk 

Eu,u{Hk) < / V KiXt = w)]^dt 
do ,„^ Tr . 

^24 _ 

/ ^uiXt = w)F^{Xt = u)dt 

0 


weTk 
max^„6Tfc 


weTk 


.24 


r-24 


<c / P«(X2t = u)dt <cvi + c / Fu{X 2 t = u)dt 


<CK + 


cV„ 


^2 l/p(M,fh2) 
p 2 tk 

<cvl + d'ul / r^dt, 


dt 




where the last second inequality is by (ll.3jl . while the last by Lemma [2.41 Hence 
^uAHk) < cvl{l + \og{2tk)-\og{vl)) < c'A2"“-(log(A2'=P+“))-log(A2^“)) = d'kX^^d (6.3) 
By the strong Markov property. 


=2E 


'•^feA0, A24 


r‘0feA6, A24 


x,y 


<2E,,,p 


l{Xt=X[&Tk] 


dt 


1{X,=JV'GT;,} 


ds 


.0feA0j.A24 


^{Xt=X^&Tk}^Xt,X^{Hk)dt 
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^2 sup ■ 


So, by fl6.3p . fl6.2p and the Cauchy Schwarz inequality, 


^x,y{Hk > 0) > 




2 sup^g-jp^ 'Eiu^u{,Hk) 



Therefore, when X and X' start from x,y ^ B{0, X^) respectively, the probability that they 
will collide before their breaking out B{0, is not less than Note that X = qq_ 

Using the second Borel-Cantelli Lemma as HDl Theorem 1.1], we prove that X and X' collide 
inhnitely often when d = 2 . 


(3) Let d> 3. For k >0, set 

POO 

Tfc = 5(0, 2^"''^) — i?(0, 2^) and Zk= l^Xt=x[&Tk}'^t. 

Jo 


Then 


/ OO 

[FoiXt = u)]‘^dt 

U^Kk - 

POO pt]^ PS]^ 

/ [Po(Xt = u)fdt +Y 


ueTi; ** 

=/i +12 + h, 


ugTfc '' 


where = (1 V and tk = We shall deal with the three sums separately. 

Since tk > cp{ 0 ,uY for u G T^, we can use Theorem 11.11 and Lemma [231 and get 


/ CX 

U^lLk ^ 


CK, 


Up(0,U/2)^^(^,tl/2) 


dt 


cT-('^+“)/(i+“)df 




<|Tfc| ■ maxul 

^ffQ2ka ^ni ^^^k[l+OL)\^l—{d+OL)/{1+a) 

_(,(2k{2-\-2a—d) 

Next, since (1 V i^„)p(0,m) > csk and for u G T^, using Theorem 11.11 and 

Lemma [2.41 again gives 


._. rtk 

h<Y. / 

. J Si¬ 


ck, 


uGTfc ' 

SE 

ugTfc 


rtk 

Sk 


U,(0,fV2)y^(«,tl/2) 


exp 


p(0,m) 


ct 


dt 


_ Yu _ 

^(d+Q!)/(2+2a) . ^(i/2|.y|—(d—1 )q! 


exp 


22fc(l+o) 

dt 


dt 
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poo / o2fc(l+Q) \ 

<|Tfc| ■ exp (-) dt 

“GTfc Jo y dt J 

^{d+a)/{2+2a)+d/2-2 ^-x 


Since J > 3, we have < oo and so, 

I 2 < c2*^(2+2a-d)_ 

For the remaining term, applying Theorem 11.11 we still have 

h<^ f (i^«/i^o)exp (^-c(i^o V z/„)"V(0,m)(i Vlog ((z/Q V z/„)p(0,M)/t)j j dt 

ueTt 

<|Tfe| • Sk ■ maxi^^exp ( - c(z/o V z/^,)"V(0,«)) 

ueTi. 

<2'^^' • (1 V • 2*^" exp (-c'(l V 2'=“)“^ ■ 2^^^+“)) 

_ 2 cfcg-c' 2 '=(l+“^ 0 ) < 




_2k{2+2a-d) _ 


Therefore, 

Eo,o(^fc) < c2'=(2+2«-d). (6.4) 

On the other hand, once X and X' collide at some vertex u and some time t, then with 
at least e“^ probability they will stick together during time [t,t + Uu/idu), which implies 


^o,o{Zk\Zk > 0) > c min v^j /iu > c 2 

UeTj; 


/r) 2 fcQ! 


So, for each /c > 0, 


^ofi{Zk > 0 ) — 


Eo,o(^/ 


0 - < c 2 -^d- 2 )k^ 


Therefore, 


'^ofi{Zk\Zk > 0 ) 

5^Po,o(^fc > 0) < c5^2-(''-2)^ < CX). 

k k 

By the Borel-Cantelli Lemma, we completed the proof of (3). 


□ 
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